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lattice QCD

Study QCD in a non-perturbative way

I Determine QCD parameters : αS , ΛQCD, quark masses, . . .

I Determine hadronic properties :
• Spectrum of mesons and baryons
• Hadronic structure : form factors, scattering lengths, . . .

I Constrain effective theories :
• Chiral Perturbation Theory (χPT)
• Heavy Quark Effective Theory (HQET)

I Constraints on Standard Model parameters : CKM
• New Physics : precision in the non-perturbative determinations

of hadronic matrix elements  few percent

• Control of systematic uncertainties in lattice QCD results
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precision in lattice QCD results

I Control of systematic uncertainties
• UV cutoff effects: lattice spacing a O(a) improvement, continuum limit

• Finite Size Effects (FSE): lattice size L mPSL� 1

• Number of dynamical flavours (u,d,s,c,. . . quarks) Nf = 0; 2; 2 + 1; 2 + 1 + 1

• Range of quarks masses : simulation/physics applicability of χPT, HQET

• Operator renormalisation non-perturbative

I Statistical errors
• Improvement in Monte Carlo algorithms Wilson type fermions

• Supercomputers

I Outline
• Light-quark physics from Nf = 2 and Nf = 2 + 1 + 1 dynamical simulations
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lattice QCD: parameters landscape

• lattice spacing : a [end 2008]

• lattice size: L

• pion masses : mπ

expt
JLQCD (2001) Nf = 2
ETMC Nf = 2 + 1 + 1

MILC Nf = 2 + 1
RBC-UKQCD Nf = 2 + 1

BMW Nf = 2 + 1
PACS-CS Nf = 2 + 1

JLQCD Nf = 2 + 1
JLQCD Nf = 2

CLS Nf = 2
CERN-ToV Nf = 2

QCDSF Nf = 2
ETMC Nf = 2 a[fm]
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Wilson twisted mass lattice QCD (tmLQCD)

Lattice fermionic action [Frezzotti, Grassi, Sint, Weisz, 1999]

StmL
F = a4

X
x

χ̄(x)
h
γµ∇̃µ − r

a

2
∇∗µ∇µ + m0 + iγ5τ3µ

i
χ(x)

I automaticO(a) improvement of parity-even correlators in

maximally twisted lattice QCD [Frezzotti, Rossi, 2003]

I tuning of only one parameter: bare untwisted quark mass:
m0 → Mcr

I quark mass is then given by the twisted mass parameter :
Mq = µ

I no tuning of operator-specific improvement coefficients
I low computational cost

But:

• explicit breaking of parity and isospin: the largest cut-off effects are in m0
π

• however, the breaking is anO(a2) effect in physical quantities
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Nf = 2 ensembles

Ensemble β = 6
g2

0
a [fm] V/a4 mPSL aµl mPS [MeV]

D1 4.20 0.055 483 · 96 3.6 0.0020 270
D2 323 · 64 4.2 0.0065 480
C1 4.05 0.065 323 · 64 3.3 0.0030 310
C2 4.6 0.0060 430
C3 5.3 0.0080 500
C4 6.5 0.0120 610
C5 243 · 48 3.5 0.0060 430
C6 203 · 48 3.0 0.0060 430
B1 3.90 0.085 243 · 48 3.3 0.0040 315
B2 4.0 0.0064 390
B3 4.7 0.0085 450
B4 5.0 0.0100 490
B5 6.2 0.0150 600
B6 323 · 64 4.3 0.0040 310
B7 3.7 0.0030 270
A2 3.80 0.100 243 · 48 5.0 0.0080 410
A3 5.8 0.0110 480
A4 7.1 0.0165 580
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scaling to the continuum limit of fPS
a = 0.055, 0.065, 0.085, 0.100 fm

pion decay constant

fPSpµ = 〈0|ūγµγ5d|π(p)〉  fPS =
2µ

m2
PS

|〈0|P1(0)|π±〉|

Nf = 2 a = 0.055 fm L/a = 32
Nf = 2 a = 0.055 fm L/a = 48
Nf = 2 a = 0.065 fm L/a = 32
Nf = 2 a = 0.085 fm L/a = 24
Nf = 2 a = 0.085 fm L/a = 32
Nf = 2 a = 0.100 fm L/a = 24
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Finite size effects

I non negligible FSE since relative stat. error : ∼ 1% on mPS and fPS

I relative deviation : RO = (O∞ − OL)/O∞

a = 0.065 fm
a = 0.085 fm
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S
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)
−

m
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mPS ≈ 300 MeV
I for mPSL > 3 , data lies in the exponential FSE regime
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finite size effects

Comparison of lattice data at several volumes to :
I NLO χPT : GL [Gasser, Leutwyler, 1987, 1988]

I resummed Lüscher formula : CDH [Colangelo, Dürr, Haefeli, 2005]

I relative deviation : RO = (O∞ − OL)/O∞

a [fm] mPSL1 → mPSL2 meas.[%] GL [%] CDH [%]
[L1 → L2] [L1 →∞] [L1 →∞]

mPS 0.085 3.3→ 4.3 −1.8 −0.6 −1.2

fPS 0.085 3.3→ 4.3 +2.6 +2.6 +2.6

mPS 0.065 3.0→ 4.6 −6.1 −1.9 −6.3

fPS 0.065 3.0→ 4.6 +10.7 +7.0 +9.0

I CDH describes data in general better than GL but needs more parameters
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chiral perturbation theory : fπ, mπ

I Use of χPT to describe the dependence on :
• the quark mass µ
• finite spatial size L

I Simultaneous fit to Nf = 2 χPT

m2
PS(L) = χµ

h
1 + ξ ln(χµ/Λ2

3) + T NNLO
m + a2Dm

i
·
“

K CDH
m (L)

”2

fPS(L) = f0

h
1− 2ξ ln(χµ/Λ2

4) + T NNLO
f + a2Df

i
· K CDH

f (L)

where χµ = 2bB0µR , µR = 1/ZP µ , ξ = χµ/(4πf0)2 , f0 =
√

2F0

I data : afPS, amPS, ZP and r0/a
I parameters : r0f0, r0B0, r0Λ3, r0Λ4, Dm, Df , {r0/a(µ = 0)}β , {Dr0}β
I derived quantities : mu,d , 〈q̄q〉, low-energy constants : l̄3,4 ≡ log(Λ2

3,4/m2
π± )

I Finite size corrections : [CDH : Colangelo et al., 2005]
I Mass dependence : NLO and NNLO (extra parameters : r0Λ1,2, kM , kF )

I Include O(a2) terms in the fits
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continuum χPT at NLO : m2
PS vs. µR

β = 4.05 : a = 0.065 fm
β = 3.90 : a = 0.085 fm

NLO without O(a2) terms excluding heavier masses

L = 24 β = 4.05
L = 32 β = 4.05
L = 32 β = 3.90
L = 24 β = 3.90

(r0mPS)2

r0µR
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L = 24 β = 3.90(r0m

2
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continuum χPT at NLO : fPS vs. µR
β = 4.05 : a = 0.065 fm
β = 3.90 : a = 0.085 fm

NLO without O(a2) terms excluding heavier masses

L = 24 β = 4.05
L = 32 β = 4.05
L = 32 β = 3.90
L = 24 β = 3.90
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χPT fits : NLO

r0fPS = r0f0

h
1− 2ξ log(χµ/Λ2

4) + (a/r0)2Df

i
K CDH

f (L)

(r0mPS)2 = χµr2
0

h
1 + ξ log(χµ/Λ2

3) + (a/r0)2Dm

i “
K CDH

m (L)
”2

NLO with O(a2) terms excluding heavier masses χ2/dof = 19.6/17

r0µR

r 0
f P

S
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(r 0
m
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)2

(r 0
µ R

)
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β = 3.9
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Fit

β = 4.05 : a = 0.065 fm
β = 3.90 : a = 0.085 fm
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χPT fits : discretization effects

r0fPS = r0f0

h
1− 2ξ log(χµ/Λ2

4) + (a/r0)2Df

i
K CDH

f (L)

I fit of fPS and mPS combining a1 = 0.055, a2 = 0.065, a3 = 0.085 fm [PRELIMINARY]

I mass dependence : NLO higher masses (mPS ∼ 600 MeV) not included
I volume dependence : CDH

Dm,f = 0 fit Dm,f fit Dm,f

ai a2,3 a2,3 a1,2,3

l̄3 3.38(7) 3.51(7) 3.47(6)

l̄4 4.62(3) 4.63(3) 4.59(3)bB0 [GeV] 2.55(4) 2.89(14) 2.79(12)

f0 [MeV] 121.62(7) 121.58(7) 121.65(6)

r0 [fm] 0.449(3) 0.429(9) 0.439(6)

χ2/dof 30.8/21 23.2/19 26.7/23

I values of Dm,f : Dm = −1.08(95) ; Df = 0.70(56)
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χPT fits : NNLO β = 4.05 : a = 0.065 fm
β = 3.90 : a = 0.085 fm

NNLO excluding heavier masses χ2/dof = 23.7/19

r0µR

r 0
f P

S
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S
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NNLO including heavier masses χ2/dof = 30.9/23
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r 0
f P

S
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r0µR

(f P
S

f 0
)
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LO
NLO
NNLO

NNLO : Input some knowledge on l̄1,2, kM and kF in the fit:
l̄1 = −0.4± 0.6 l̄2 = 4.3± 0.1 kM = kF = 0± 10
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Results : LEC, mq, 〈q̄q〉, . . .
Estimate systematic effects [PRELIMINARY]

I discretization
I NLO/NNLO
I FSE

l̄3 3.49(19)

l̄4 4.57(15)bB0 [GeV] 2.77(19)

f0 [MeV] 121.8(5)

(−〈q̄q〉)1/3 [MeV] 274(6)

mu,d [MeV] 3.37(23)

r0 [fm] 0.433(14)

B0, 〈q̄q〉 and mu,d are given in MS at 2 GeV

To constrain further the determination of the LEC : more data points or
include in the fit other observables . . .
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electromagnetic form factor of the pion
[Frezzotti, Lubicz, Simula, 2008]

〈π+(p′)|bVµ|π+(p)〉 = Fπ(q2) (p + p′)µ ; where q2 = (p − p′)2

I Q2 = −q2 ∈ [0.05, 0.80] GeV2

I mPS ∈ [270, 600] MeV
I mPS × L > 4
I a = 0.085 fm
I NLO χPT [Gasser, Leutwyler, 1984]

and vector meson dominance
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When Q2 increases, NLO order does not describe anymore the lattice data
 NNLO [Bijnens, Colangelo, Talavera, 1998]
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pion form factor : NNLO χPT a = 0.085 fm

I use 〈r2〉exp.
S as input to stablize the fit

I Q2 = −q2 ∈ [0.05, 0.80] GeV2

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8

CERN

DESY

JLab

ETMC (ChPT fit @ NNLO)

F
!

(Q
2
)

Q
2
   (GeV

2
)

LEC NNLO non-lattice

bB0 (GeV) 2.45± 0.03± 0.10 −

f0 (MeV) 122.5± 0.5± 1.0 −

¯̀1 −0.4± 0.7± 0.6 −0.4± 0.6

¯̀2 4.3± 0.6± 0.4 4.3± 0.1

¯̀3 3.2± 0.4± 0.2 2.9± 2.4

¯̀4 4.4± 0.1± 0.1 4.4± 0.2

¯̀6 14.9± 0.6± 0.7 16.0± 0.5± 0.7

r r
M · 104 −0.45± 0.16± 0.10 −

r r
F · 104 0.08± 0.08± 0.05 −

r r
1 · 104 −0.94± 0.07± 0.10 −2.0

r r
2 · 104 0.46± 0.02± 0.31 2.1

I agreement with χPT fit of mPS and fPS using a = {0.055, 0.065, 0.085} fm data.
I pion charge radius: 〈r2〉 = 0.456± 0.030± 0.024 fm2

I experimental result: 〈r2〉exp. = 0.452± 0.011 fm2
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strange-quark sector : fPS(µl , µl , µs) vs. m2
PS

I Nf = 2  the strange quark is quenched : use of Partially Quenched PQχPT
I lattice spacing : a ∼ 0.065, 0.085, 0.100 fm

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2

(r
0
 mπ)

2
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  r
0 f

π   
   

   
   

   
   

   
   

   
  r

0 f
K

   
   

  

β=3.8,   L/a=24
β=3.9,   L/a=24
β=3.9,   L/a=32
β=4.05, L/a=32
a=0, SU(2)-ChPT
a=0, SU(3)-ChPT

r0mPS(l, s, s) = 1.63

r0mPS(l, s, s)exp. ≈ 1.55
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strange-quark sector : fK/fπ K`2 decay

1,05 1,10 1,15 1,20 1,25 1,30 1,35 1,40

f
K

/fπ

RBC 04

NPLQCD 06

ETMC 09 (this work)

MILC 04 - Lattice07

HPQCD-UKQCD 07

RBC-UKQCD 08

Exper. average with
Vus from Kl3 decays

PACS-CS 08

ALV 08 - Lattice08*

BMW 08 - Lattice08*

N
f
=2

N
f
=2+1

ETMC :

fK = 158.1± 0.8± 2.0± 1.1 MeV

fK/fπ = 1.210(6)(15)(9)

|Vus|/|Vud | = 0.2281(5)(35)

|Vus| = 0.2222(5)(34)

|Vud |2 + |Vus|2 + |Vub|2 − 1 = −0.00146(160)

0.225

0.230

0.970 0.975 Vud

V
u

s V
ud

(0
+
® 0

+
)

V
us

(K
l3

)

fit with unitarity
fit

Vus
/Vud

(K m2
)

u
n
ita

rity

lavi
net

Kaon WG

f+(0) = 0.9644(49)

fK /f p = 1.189(7)

Flavianet (Kaon WG global fit, 2008) :

|Vus|/|Vud | = 0.2313(9)

|Vus| = 0.2253(9)

|Vud |2 + |Vus|2 + |Vub|2 − 1 = −0.00023(70)
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Nf = 2 + 1 + 1

u, d, s, c
sea quarks
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Nf = 2 + 1 + 1

I test QCD in realistic conditions

I repeat physical conditions of Nf = 2 simulations

I setup

I Nf = 2 + 1 + 1 twisted mass

I automatic O(a) improvement [Frezzotti, Rossi, 2003]

I non-degenerate quark masses :

mc,s = 1/ZP µσ ± 1/Zs µδ

I Iwasaki gauge action
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Nf = 2 + 1 + 1 ensembles

I Range of masses:

mπ ∈ [270; 600] MeV

mK ∼ mexp.
K

mc & 10ms

I e.g. β = 1.90 :

a ≈ 0.085 fm

mPS × L & 3.5

L ≈ 2.0 and 2.7 fm

I Ensembles at two finer lattice
spacings are being generated

β = 6
g2

0
V/a4 aµl aµσ aµδ

1.90 323 · 64 0.0030 0.150 0.190
0.0040
0.0050

243 · 48 0.0040
0.0060
0.0080
0.0100

203 · 48 0.0040
243 · 48 0.0100 0.150 0.197

1.95 323 · 64 0.0025 0.135 0.170
0.0035
0.0055
0.0075

243 · 48 0.0085

stout 1.90 243 · 48 0.0040 0.170 0.185
0.0060
0.0080
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scaling to the continuum limit of fPS and mN
[PRELIMINARY]

a = 0.078, 0.085 fm

pion decay constant and nucleon mass

fPS =
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scaling to the continuum limit of fPS and mN
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Conclusions

Summary :

I confront lattice QCD data to χPT : mass and volume dependence

I extraction of LEC, mq and 〈q̄q〉 with good statistical precision

I control of systematic errors

Other results from ETMC :

I meson and baryon spectrum

I fD, fDs , BK, . . .

I pion scattering lengths, ρ decay, K , D meson weak decays, PDF, . . .

I Nf = 2 + 1 + 1 : SU(2) and SU(3) χPT
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