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Introduction

Why study nuclear interactions
with lattice QCD?

much intrinsically interesting 
nuclear physics which is difficult/
impossible to access 
experimentally

for example, the nuclear equation of state in neutron stars

this requires an understanding of hyperon-nucleon interactions

we would like to connect our understanding of nuclear physics to the 
fundamental theory of QCD



2-Hadron Scattering on the Lattice

Minkowski vs Euclidean

In Minkowski space, scattering is performed by measuring the scattering phase 
shift of asymptotically separated, on-shell particles

In Euclidean space:
cuts moved off real axis
particles do not go on shell

except at kinematic thresholds, can not reconstruct the Minkowski 
S-matrix elements

In FINITE Euclidean volume, particles can never escape eachother
the finite volume interaction energy can be related to the infinite volume 
scattering phase shift - Lüscher’s Method



two particle energy levels in a box:

for two identical particles:

∆E2 = 2
√

p2 + m2 − 2m !p =
2π!n

L
for non-interacting particles

p cot δ =
1

πL
S

(
p2L2

16π2

)
S(η) = lim

Λ→∞

∑

n<Λ

1
n2 − η

− 4πΛ

p cot δ =
1
a

+
1
2
rp2 + . . .

for low momenta

the shift in energy due to interactions allows one to calculate the infinite volume 
scattering parameters (up to non-universal exponentially suppressed volume 
corrections).

2-Hadron Scattering on the Lattice

L/r >> 1 r ∼ m−1
π

mπL > 4



2-Mesons

Why calculate 2-meson interactions with lattice QCD?

Scattering is cool

In particular, the interaction of two pseudo-Goldstone mesons is highly 
constrained by chiral dynamics

this allows for good check of the method

but more than that - can make precision predictions of meson-meson 
scattering parameters

for                  scattering, can make 1% predictions

clean system to study
SU(2) chiral dynamics
SU(3) symmetry/breaking in the meson sector 

I = 2 ππ



2-Mesons

Coarse MILC (b ∼ 0.125 fm) Dimensions L mπ mK Ncfg ×Nsource

L× T × L5 [fm] [MeV] [MeV]

2064f21b676m007m050 203 × 32× 16 2.5 290 580 1038 × 24 = 24912

2064f21b676m010m050 203 × 32× 16 2.5 350 595 768 × 24 = 18432

2064f21b679m020m050 203 × 32× 16 2.5 490 640 486 × 24 = 11664

2064f21b681m030m050 203 × 32× 16 2.5 590 675 564 × 24 = 13536

Fine MILC (b ∼ 0.09 fm)

4096f2b7045m0062m031 403 × 96× 40 2.5 230 539 109 × 1 =109

4096f2b7045m0062m031 403 × 96× 12 2.5 234 540 109 × 1 = 109

2896f2b709m0062m031 283 × 96× 12 2.5 320 560 1001 × 7 = 7007

2896f2b711m0124m031 283 × 96× 12 2.5 446 578 513 × 3 = 1539

Coarse MILC (b ∼ 0.125 fm) Dimensions L mπ mK Ncfg ×Nsource

L× T × L5 [fm] [MeV] [MeV]

2064f21b676m007m050 203 × 32× 16 2.5 290 580 468 × 16 = 7776

2064f21b676m010m050 203 × 32× 16 2.5 350 595 658 × 20 = 13160

2064f21b679m020m050 203 × 32× 16 2.5 490 640 486 × 24 = 11664

2064f21b681m030m050 203 × 32× 16 2.5 590 675 564 × 8 = 4512

1

I = 2 ππ



1 2 3 4
m
!
 / f

!

-0.5

-0.4

-0.3

-0.2

-0.1

0

m
!

 a
!+
!+

MA " - PT  (One Loop)
 " - PT  (Tree Level)
CP-PACS (2004)  (nf = 2)

E 865 (2003)
NPLQCD 

0.16 0.18 0.2 0.22 0.24

a
0

0

-0.05 -0.05

-0.04 -0.04

-0.03 -0.03

-0.02 -0.02

a
2

0

Universal band
tree (1966), one loop (1983), two loops (1996)

Prediction (!PT + dispersion theory, 2001)

l
4 

 from low energy theorem for scalar radius (2001)

l
3
 and l

4
 from MILC (2004, 2006)

NPLQCD (2005)

l
3 

 from Del Debbio et al. (2006)

l
3
 and l

4
 from ETM (2007)

DIRAC (2005)

NA48 K3" (2005)
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mπaI=2
ππ = −0.04330± 0.00042 2007

NPLQCD PRD 77 (2008)

mπaI=2
ππ (LO) = −0.04438

2-Mesons I = 2 ππ



Can address all sources of systematic error (except for rooting of staggered 
action)

Mixed Action Extrapolation formula (lattice spacing corrections)

Exponential Corrections to                 formula (finite volume corrections)Lüscher’s

Residual chiral symmetry breaking from the domain-wall action

Effective Range corrections

For pion mass and decay constant, it is found that one-loop formulae get 
correct order of magnitude FV corrections, but two-loop formulae are 
needed for accurate corrections.    G. Colangelo, S. Durr, C. Haefeli  NPB 721 (2005)

mπaI=2
ππ = −0.04330± 0.00042

NPLQCD PRD 77 (2008)

Beane et al (NPLQCD) PRD 77 (2008)

Chen, O’Connell, AWL  PRD 75, 2007

Bedaque, Sato, AWL    PRD 73, 2006

2-Mesons I = 2 ππ
TABLE I: Calculated I = 2 ππ scattering lengths and details of all uncertainties.

Quantity ml = 0.007 ml = 0.010 ml = 0.020 ml = 0.030

mπ/fπ 1.990(11)(14) 2.323(6)(3) 3.059(5)(10) 3.476(10)(6)

mπaI=2
ππ -0.1458(78)(25)(14) -0.2061(49)(17)(20) -0.3540(68)(89)(16) -0.465(14)(06)(05)

∆MA 0.0033(3) 0.0030(4) 0.0023(10) 0.0018(16)

∆FV ±0.0055 ±0.0022 ±0.003 ±0.0001

∆mres ±0.0032 ±0.0035 ±0.0036 ±0.0032

mπaI=2
ππ mπrI=2

ππ
p2

2m2
π

0.0004 0.0007 0.0014 0.0018

3



Why are the lattice spacing corrections so small?  The good chiral properties of 
the domain-wall valence quarks have a dramatic effect on the extrapolation 
formula to one-loop.

−

∆̃2
PQ

m2
uu

[

ln

(

m
2
uu

µ2

)]

−

∆̃4
PQ

6m4
uu

]

+
∆̃2

PQ

(4πf)2
l′PQ(µ) +

b2

(4πf)2
l′b2(µ)

}

∆̃2
PQ = m2

jj + ∆sea(b)−m2
uu

partial quenching    lattice discretization effects

Every sickness expected is apparent:
(b)(∆̃PQ)

m̃2
ju = B0(mu + mj) + b2∆Mix

mπaI=2
ππ = −m2

uu

8πf2

{
1 +

m2
uu

(4πf)2

[
4 ln

(
m2

uu

µ2

)
+ 4

m̃2
ju

m2
uu

ln

(
m̃2

ju

µ2

)
+ l′ππ(µ)

2-Mesons I = 2 ππ



lattice-physical parameters (mass and decay constant measured directly from 
correlators) the scattering length is given by

mπaI=2
ππ = − m2

π

8πf2
π

{
1 +

m2
π

(4πfπ)2

[
3 ln

(
m2

π

µ2

)
− 1− lI=2

ππ (µ)
]}

2-Mesons I = 2 ππ



lattice-physical parameters (mass and decay constant measured directly from 
correlators) the scattering length is given by

The explicit dependence on the lattice spacing has exactly cancelled - up to a 
calculable effect from the hairpin interactions!!!

This is independent of the type of sea-quarks

mπaI=2
ππ = − m2

π

8πf2
π

{
1 +

m2
π

(4πfπ)2

[
3 ln

(
m2

π

µ2

)
− 1− lI=2

ππ (µ)
]

− m2
π

(4πfπ)2
∆̃4

PQ

6m4
π

}

Chen, O’Connell, Van de Water, AWL   PRD 73 (2006)

Chen, O’Connell, AWL   PRD 75 (2007)

Chen, O’Connell, AWL   JHEP 0904 (2009)

2-Mesons I = 2 ππ



lattice-physical parameters (mass and decay constant measured directly from 
correlators) the scattering length is given by

The explicit dependence on the lattice spacing has exactly cancelled - up to a 
calculable effect from the hairpin interactions!!!

mπaI=2
ππ = − m2

π

8πf2
π

{
1 +

m2
π

(4πfπ)2

[
3 ln

(
m2

π

µ2

)
− 1− lI=2

ππ (µ)
]

− m2
π

(4πfπ)2
∆̃4

PQ

6m4
π

}

SU(3): chiral symmetry dictates that any strange-quark mass dependence 
at NLO must be of the form m2

πm2
K

there can not be any (local) strange-quark mass dependence in 
the on-shell renormalized scattering length in SU(3)

all strange (sea) quark mass dependence is renormalized in the 
on-shell renormalized values of mπ and fπ

2-Mesons I = 2 ππ

For more details on mixed action EFT - see talk by Jack Laiho, Thur, 15:35



2-Mesons I = 2 ππ

2

I = 2 ππ system [5, 6] and other two-meson systems [7, 8],

p cot δI=2
ππ

mπ
=

1
mπaI=2

ππ
+

1
2
mπrI=2

ππ

(
p

mπ

)2

+ . . . (3)

A. Exponential corrections for the QCD case

We begin with the leading finite volume corrections as presented in Ref. [1]. Expressed in terms
of the bare parameters of the Lagrangian, the corrections near threshold were shown to be

∆(p cot δI=2
ππ ) = −16π

√
s

∆T (NLO)
exp (s)

(T (LO))2

# 8π m̊

[
11
3

i∆I(m̊)
m̊2

+
∂

∂m̊2
i∆I(m̊) + 2i∆Jexp(4m̊2)

]
, (4)

where

∆f ≡ f(FV )− f(∞V ) , (5)

and the various functions, I and J are collected in the Appendix. Also note, this corrects a
typo in Eq. (31) of Ref. [1]. However, it is more natural to work in terms of the on-shell (or
lattice-physical) parameters, as these are the more relevant quantities appearing in the scattering
expressions, and are directly measurable from the lattice correlation functions. If we instead express
the FV difference in terms of the lattice-physical parameters, we arrive at the expression

∆(p cot δI=2
ππ ) = 8π mπ

[
∂

∂m2
π

i∆I(mπ) + 2i∆Jexp(4m2
π)

]
. (6)

If one is working near threshold and interested only in the scattering length, then one can
alternatively express these FV corrections as corrections to the scattering length. A little algebra
will show

∆(maI=2
ππ ) = − m2

π

8πf2
π

[
m2

π

f2
π

∂

∂m2
π
i∆I(mπ) +

2m2
π

f2
π

i∆Jexp(4m2
π)

]

= − m̊2

8πf̊2

[
11
3f̊2

i∆I(m̊) +
m̊2

f̊2

∂

∂m̊2
i∆I(m̊) +

2m̊2

f̊2
i∆Jexp(4m̊2)

]
(7)

B. Exponential corrections for the PQQCD case

There are two new FV effects in the partially quenched theory relative to the unquenched theory.
The first effect, discussed in Ref. [1] are the hairpin graphs which enter the t- and u-channels, see
Fig. 1. The FV corrections from these hairpin contributions can be shown to be [9]
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π
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∂

∂m2
π

)3

i∆I(m2
π) , (8)

where [2, 3]

∆2
PQ = m2

π,sea −m2
π,valence . (9)
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FIG. 1: Hairpin graph in the t-channel contributing to I = 2 ππ scattering at NLO.

The second correction comes from virtual pion loops made of mixed mesons composed of one valence
and one sea quark, with masses denoted as m2

ju. The exact cancellation of valence-sea contributions
to the I = 2 ππ scattering at one loop found in Refs. [2, 3] only holds at infinite volume. At finite
volume, there are exponentially suppressed contributions from the mixed valence-sea mesons [9].
These corrections can be shown to be

∆TNLO
ju =

−4m2
π

f2
π

[
2m2

ju

f2
π

∂

∂m2
ju

i∆I(mju)− 2
f2

π
i∆I(mju)− 2m2

π

f2
π

∂

∂m2
π
i∆I(mπ) +

2
f2

π
i∆I(mπ)

]

(10)
For a non-mixed action theory, the valence-sea meson mass is related at LO by

m2
ju = m2

π +
1
2
∆2

PQ , (11)

but this relation becomes more involved at NLO and beyond. Putting this all together, the FV
corrections to the I = 2 ππ scattering at NLO in a partially quenched theory [9]

∆(p cot δI=2
ππ )[PQ] = 8π mπ

[
∂

∂m2
π

i∆I(mπ) + 2i∆Jexp(4m2
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∆4
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6
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∂
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π
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]
. (12)

Alternatively, we can express this as the FV corrections to the scattering length,
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i∆Jexp(4m2
π) +

m2
π

f2
π
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∂

∂m2
π
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π

∂
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π
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π
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Appendix A: Finite Volume Integrals/sums

The FV correction to the tadpole integral is

i∆I(m) =
∫

dq0

2π




1
L3

∑

"q= 2π"n
L

−
∫

d3q

(2π)3




i

q2 −m2

=
m

4π2L

∑

"n!=0

1
|$n|K1(|$n|mL). (A1)

4

The FV correction to the scattering integral (near threshold) is

i∆Jexp(4m2) =
1

16π2

1
L

√
m2 + p2

∑

!n!=0

1
|"n|

∫ ∞

−∞
dy

y Imei2πy|!n|
√

y2 + m2L2

4π2

(√
y2 + m2L2

4π2 +
√

p2L2

4π2 + m2L2

4π2

)

! − 1
16π

∑

!n!=0

[
K0(|"n|mL)L̄−1(|"n|mL) + K1(|"n|mL)L̄0(|"n|mL)− 1

|"n|mL

]
, (A2)

where L̄ν is the Struve function. To get the second line of Eq.(A2), we have neglected terms which
are suppressed by O(p2/m2) relative to the first. For the two-pion system, this is approximately
given by p2

m2 ! 4π|a|
m2L3 # 1.
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2-Mesons I = 2 ππ
A full treatment of these effects involves three new spurion fields in the effective field the-
ory [76] but this is not necessary for estimating the size of these contributions to the ππ
scattering lengths. By expressing the calculated scattering lengths and extrapolation for-
mulae in terms of the lattice-physical meson masses and decay constants, the dominant
contributions from residual chiral symmetry breaking are included, leaving corrections at
higher orders in the chiral expansion. There will be new operators similar to the Gasser-
Leutwyler operators [77] in the chiral Lagrangian, for example

L̄ = 2B0 L̄4 str
(
∂µΣ∂µΣ†

)
str

(
mresΣ

† + Σm†
res

)

+8B2
0 L̄6 str

(
mqΣ

† + Σm†
q

)
str

(
mresΣ

† + Σm†
res

)
+ . . . (28)

Naive dimensional analysis [78] can be used to estimate the size of the corrections due to
these new operators, which in the case of the I = 2 ππ system are given by

∆mres(mπaI=2
ππ ) =

8πm4
π

(4πfπ)4

mres

ml
. (29)

There will be additional operators with two insertions of mres in the place of mq, but these
are <∼ 20% of the uncertainty already estimated for the residual chiral symmetry breaking.
These uncertainties are denoted by

∆mres(mπaI=2
ππ ) = mπaI=2

ππ

∣∣∣
mres

− mπaI=2
ππ

∣∣∣
mres=0

, (30)

and are shown in Tables VII and VIII.

D. Two Loops Effects

The two-loop expression for the scattering length [4, 9] is given, in the continuum limit of
QCD, by

mπ aI=2
ππ = − m2

π

8πf 2
π

{

1 +
m2

π

16π2f 2
π

[

3 log
m2

π

µ2
− 1 − lI=2

ππ (µ)

]

+
m4

π

64π4f 4
π



 31

6

(

log
m2

π

µ2

)2

+ l(2)ππ (µ) log
m2

π

µ2
+ l(3)ππ (µ)








 , (31)

where l(2)ππ and l(3)ππ are linear combinations of undetermined constants that appear in the
O(p4) and O(p6) chiral Lagrangians [2, 4]. Fitting all four data points allows for an extraction
of the three counterterms with χ2/dof = 0.26. From the 68% confidence-interval error
ellipsoid we find an extrapolated value of:

mπ aI=2
ππ = −0.0442 ± 0.0030 . (32)

While it is gratifying to have a determination of the scattering length at two-loop level that
is consistent with the one-loop result, there are several caveats: i) the two-loop expression
in MAχ-PT does not yet exist and therefore the determination in eq. (31) contains lattice-
spacing artifacts at lower orders in the chiral expansion than in the one-loop result; ii) This
value is clearly strongly dependent on the heaviest quark mass, which is, at best, at the
boundary of the range of validity of the chiral expansion. A reliable two-loop determination
will have to await further lattice data at quark masses closer to the chiral limit than we
currently possess.
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∆mres(mπaI=2
ππ ) =

8πm4
π

(4πfπ)4

mres

ml
. (29)

There will be additional operators with two insertions of mres in the place of mq, but these
are <∼ 20% of the uncertainty already estimated for the residual chiral symmetry breaking.
These uncertainties are denoted by

∆mres(mπaI=2
ππ ) = mπaI=2

ππ

∣∣∣
mres

− mπaI=2
ππ

∣∣∣
mres=0

, (30)

and are shown in Tables VII and VIII.

D. Two Loops Effects

The two-loop expression for the scattering length [4, 9] is given, in the continuum limit of
QCD, by

mπ aI=2
ππ = − m2

π

8πf 2
π

{

1 +
m2

π

16π2f 2
π

[

3 log
m2

π

µ2
− 1 − lI=2

ππ (µ)

]

+
m4

π

64π4f 4
π
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6

(

log
m2

π

µ2

)2

+ l(2)ππ (µ) log
m2

π

µ2
+ l(3)ππ (µ)








 , (31)

where l(2)ππ and l(3)ππ are linear combinations of undetermined constants that appear in the
O(p4) and O(p6) chiral Lagrangians [2, 4]. Fitting all four data points allows for an extraction
of the three counterterms with χ2/dof = 0.26. From the 68% confidence-interval error
ellipsoid we find an extrapolated value of:

mπ aI=2
ππ = −0.0442 ± 0.0030 . (32)

While it is gratifying to have a determination of the scattering length at two-loop level that
is consistent with the one-loop result, there are several caveats: i) the two-loop expression
in MAχ-PT does not yet exist and therefore the determination in eq. (31) contains lattice-
spacing artifacts at lower orders in the chiral expansion than in the one-loop result; ii) This
value is clearly strongly dependent on the heaviest quark mass, which is, at best, at the
boundary of the range of validity of the chiral expansion. A reliable two-loop determination
will have to await further lattice data at quark masses closer to the chiral limit than we
currently possess.

14

naive dimensional analysis                  A.V.Manohar and H.Georgi Nucl. Phys. B (1984)

domain-wall action at finite 5th dimension has residual chiral symmetry 
breaking



2-Mesons I = 2 ππ
TABLE I: Calculated I = 2 ππ scattering lengths and details of all uncertainties.

Quantity ml = 0.007 ml = 0.010 ml = 0.020 ml = 0.030

mπ/fπ 1.990(11)(14) 2.323(6)(3) 3.059(5)(10) 3.476(10)(6)

mπaI=2
ππ -0.1458(78)(25)(14) -0.2061(49)(17)(20) -0.3540(68)(89)(16) -0.465(14)(06)(05)

∆MA 0.0033(3) 0.0030(4) 0.0023(10) 0.0018(16)

∆FV ±0.0055 ±0.0022 ±0.003 ±0.0001

∆mres ±0.0032 ±0.0035 ±0.0036 ±0.0032

mπaI=2
ππ mπrI=2

ππ
p2

2m2
π

0.0004 0.0007 0.0014 0.0018

3

         is one of the dominant uncertainties in our calculation!?mres
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l
3
 and l
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 from MILC (2004, 2006)

NPLQCD (2005)
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3 

 from Del Debbio et al. (2006)

l
3
 and l

4
 from ETM (2007)

DIRAC (2005)

NA48 K3" (2005)

E865 Ke4 (2003), isospin breaking accounted for 

NA48 Ke4 (preliminary)  isospin breaking accounted for

NPLQCD (2007)

mπaI=2
ππ = −0.04330± 0.00042 2007

NPLQCD PRD 77 (2008)

mπaI=2
ππ (LO) = −0.04438

2-Mesons I = 2 ππ

SU(3) and SU(2) chiral extrapolation 
analysis in complete agreement



2-Mesons I = 2 ππ

lri (µ) =
γi

32π2

[
l̄i + ln

(
(mphys

π )2

µ2

)]
γ1 =

1
3
, γ2 =

2
3
, γ3 = −1

2
, γ4 = 2

NPLQCD:  PRD 77 (2007)

lI=2
ππ = 4(4π)2

(
4lr1 + 4lr2 + lr3 − lr4

)

mπaI=2
ππ = − m2

π

8πf2
π

{
1 +

m2
π

(4πfπ)2

[
3 ln

(
m2

π

µ2

)
− 1− lI=2

ππ (µ)
]}

lI=2
ππ (µ) =

8
3
l̄1 +

16
3

l̄2 − l̄3 − 4l̄4 + 3 ln
(

(mphys
π )2

µ2

)

−1.0 ≤ l̄1 ≤ 0.2 4.2 ≤ l̄2 ≤ 4.4 3.1 ≤ l̄3 ≤ 3.5 4.0 ≤ l̄4 ≤ 4.2

combined phenomenology and lattice QCD determination of l̄i

(5.7± 1.3)

lI=2
ππ = 5.7± 1.3

0.6 ≤ lI=2
ππ (fπ) ≤ 3.8



2-Mesons

Coarse MILC (b ∼ 0.125 fm) Dimensions L mπ mK Ncfg ×Nsource

L× T × L5 [fm] [MeV] [MeV]

2064f21b676m007m050 203 × 32× 16 2.5 290 580 1038 × 24 = 24912

2064f21b676m010m050 203 × 32× 16 2.5 350 595 768 × 24 = 18432

2064f21b679m020m050 203 × 32× 16 2.5 490 640 486 × 24 = 11664

2064f21b681m030m050 203 × 32× 16 2.5 590 675 564 × 24 = 13536

Fine MILC (b ∼ 0.09 fm)

4096f2b7045m0062m031 403 × 96× 40 2.5 230 539 109 × 1 =109

4096f2b7045m0062m031 403 × 96× 12 2.5 234 540 109 × 1 = 109

2896f2b709m0062m031 283 × 96× 12 2.5 320 560 1001 × 7 = 7007

2896f2b711m0124m031 283 × 96× 12 2.5 446 578 513 × 3 = 1539

Coarse MILC (b ∼ 0.125 fm) Dimensions L mπ mK Ncfg ×Nsource

L× T × L5 [fm] [MeV] [MeV]

2064f21b676m007m050 203 × 32× 16 2.5 290 580 468 × 16 = 7776

2064f21b676m010m050 203 × 32× 16 2.5 350 595 658 × 20 = 13160

2064f21b679m020m050 203 × 32× 16 2.5 490 640 486 × 24 = 11664

2064f21b681m030m050 203 × 32× 16 2.5 590 675 564 × 8 = 4512

1

I = 2 ππ



2-Mesons I = 2 ππ

New data set will allow us to address systematics more thoroughly

two lattice spacings

two volumes

two mres(L5)

can now perform 2-loop chiral extrapolation

Coarse MILC (b ∼ 0.125 fm) Dimensions L mπ mK Ncfg ×Nsource

L× T × L5 [fm] [MeV] [MeV]

2064f21b676m007m050 203 × 32× 16 2.5 290 580 1267 × 24 = 30408

2064f21b676m010m050 203 × 32× 16 2.5 350 595 768 × 24 = 18432

2064f21b679m020m050 203 × 32× 16 2.5 490 640 486 × 24 = 11664

2064f21b681m030m050 203 × 32× 16 2.5 590 675 564 × 24 = 13536

Fine MILC (b ∼ 0.09 fm)

4096f2b7045m0062m031 403 × 96× 40 2.5 230 539 109 × 1 =109

4096f2b7045m0062m031 403 × 96× 12 2.5 234 540 109 × 1 = 109

2896f2b709m0062m031 283 × 96× 12 2.5 320 560 1001 × 7 = 7007

2896f2b711m0124m031 283 × 96× 12 2.5 446 578 513 × 3 = 1539

Coarse MILC (b ∼ 0.125 fm) Dimensions L mπ mK Ncfg ×Nsource

L× T × L5 [fm] [MeV] [MeV]

2064f21b676m007m050 203 × 32× 16 2.5 290 580 468 × 16 = 7776

2064f21b676m010m050 203 × 32× 16 2.5 350 595 658 × 20 = 13160

2064f21b679m020m050 203 × 32× 16 2.5 490 640 486 × 24 = 11664

2064f21b681m030m050 203 × 32× 16 2.5 590 675 564 × 8 = 4512

1



2-Mesons I = 2 ππ
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2-Mesons I = 2 ππ
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2-Mesons I = 2 ππ
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2-Mesons I = 2 ππ
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Where are the quantum 
loop corrections?
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2-Mesons I = 2 ππ I = 1 KK I = 3/2 Kπ

0 1 2 3 4
!0.04

!0.03

!0.02

!0.01

0.00

0.01

0.02

mΠ ! fΠ

W
ei
nb
er
g!
m
Π
a Π
ΠI#
2

0 1 2 3 4

!0.04

!0.02

0.00

0.02

0.04

mK ! fK
W
ei
nb
er
g!
m

K
a K
K

I"
1



2-Mesons I = 2 ππ I = 1 KK I = 3/2 Kπ fK/fπ

LI=1
KK = LI=2

ππ

LI=2
ππ = 2L1 + 2L2 + L3 − 2L4 − L5 + 2L6 + L8

Chen, O’Connell, AWL   PRD 75 (2007)

mπaI=2
ππ :

4m4
π

πf4
π

LI=2
ππ

Counter Terms

4m4
K

πf4
K

LI=1
KKmKaI=1

KK :

µKπaI=3/2
Kπ : µ2

Kπ

4πfKfπ

[
32mKmπ

fKfπ
LI=2

ππ − 8(mK −mπ)2

fKfπ
L5

]

µπK =
mπmK

mπ + mK

fK

fπ
:

8(m2
K −m2

π)
fKfπ

L5

Excellent testing ground for SU(3) breaking!



meson baryon

Aaron Torok’s Ph.D. Thesis work is on meson-baryon scattering

See Silas Beane’s plenary talk - Thursday 11am



multi-boson interaction energies in finite volume
∆En =

4πā

ML3
nC2

{
1−

( ā

πL

)
I +

( ā

πL

)2 [
I2 + (2n− 5)J

]

−
( ā

πL

)3 [
I3 + (2n− 7)IJ + (5n2 − 41n + 63)K

]

+
( ā

πL

)4 [
I4 − 6I2J + (4 + n− n2)J 2 + 4(27− 15n + n2)IK

+ (14n3 − 227n2 + 919n− 1043)L+ 16(n− 2)(T0 + nT1)
]}

+ nC3
η̂L

3

L6
+ nC3

6πā3

M3L7
(n + 3)I +O(L−8)

2

S. Beane, W. Detmold and M.J. Savage
PRD 76, 2007

W. Detmold and M.J. Savage
PRD 77, 2008

ā = a +
2π

L3
a3 r η̂L

3 = η̄L
3

[
1− 6ā

πL
I
]

+
72πā4 r

ML
I

I,J ,K, T0, T1 known geometric constants

n ≥ 3 mesons



Multi-Kaon
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NPLQCD PRD 78 (2008)
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Multi-Kaon
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Multi-Kaon

pion condensate

Pion condensate
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three body force is important!!

NPLQCD PRD 78 (2008)

Silas Beane



Multi-Kaon

Kaon condensate

Kaon condensate NPLQCD/arXiv:0807.1924

mK ! 580 MeV
mΠ ! 291 MeV
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2-Baryons

Log pion correlator Log proton correlator

pion Eff Mass proton Eff Mass

30,000 propagators!



2-Baryons

Log pion correlator Log proton correlator

pion Eff Mass proton Eff Mass

30,000 propagators!

S

e
∼
√

Ne{−(MN−3/2mπ)t}

LePage



2-Baryons

proton Eff Mass

30,000 propagators!

S

e
∼
√

Ne{−(MN−3/2mπ)t}

mπ ! 290 MeV

proton-proton Eff Mass

S

e
∼
√

Ne{−(2MN−3mπ)t} S

e
∼
√

Ne{−A(MN−3/2mπ)t}

need strategy to alleviate this signal to noise problem
more statistics!
modify boundary conditions to eliminate pion-zero mode

restless pions - parity-orbifold boundary conditions
still needs numerical implementation

improved two-body interpolating operators

P.Bedaque and AWL
arXiv:0708.0207
arXiv:0811.2127



2-Baryons: High Statistics on Anisotropic Clover Lattices

we have switched our production to using the anisotropic clover lattices 
produced by R. Edwards et.al.

clover propagators are ~10 times faster
with EigCG inverter, we get an extra factor of ~7 A.Stathopoulos and K.Orginos

arXiv:0707.0131

In the last year, we have performed ~284 light/strange quark propagator 
calculations on each of 1194 configurations on the
anisotropic gauge ensembles

203 × 128 mπ = 390 MeV

as/at = 3.5

284× 1194 " 340, 000 measurements!

The principle goal was to perform a scaling study in the extraction of the 
hadron spectrum/ two-body energies as a function of

number of sources per configuration
number of configurations

This is an order of magnitude increase in our previous statistics

NPLQCD
arXiv:0903.2990
arXiv:0905.0466



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466

proton lambda

sigma xi

quantitatively useful 
information from all 
time slices



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466
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2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466

δM

M
= AN b

cfg b = {−0.55(4),−0.51(3),−0.38(4),−0.67(6)}
{π, K, N,Ξ}



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466

{π, K, N,Ξ}

δM

M
= AN b

src
b = {−0.03(2),−0.65(19),−0.41(3),−0.40(6)}



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466
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Two Baryons - see talk by Assumpta Parreno, Thursday 15:40 

Preliminary



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466

EΞ0Ξ0n

EΞ0Ξ0n − 2mΞ −mN



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466

3mN

Ξ0Ξ0n 288 contractions triton 2880 contractions



2-Baryons: High Stat. on Aniso Clover Lattices
NPLQCD
arXiv:0903.2990
arXiv:0905.0466

computational cost - 292,500 sets

gauge generation

propagator calculation

block production

other

1- 2- body contractions

contractions

triton contractions

Ξ0Ξ0n

cost per set                    total cost
4 M cpu hours

6 M cpu hours20.5 cpu hours

7 M cpu hours23.9 cpu hours

1 M cpu hours

3.4 cpu hours

3.4 cpu hours

1 M cpu hours

160 cpu hours

16 cpu hours 4.7 M cpu hours

47 M cpu hours

(we have not done this)

for nuclear physics - gauge generation is not the dominant cost

we need to figure out how to make contractions faster

13.7 cpu hours
(12000 trajectories ~ 1200 configurations)



two meson scattering (lengths) from lattice QCD is a precision science
requires chiral perturbation theory
provides stringent constraints/tests of chiral perturbation theory

Conclusions

why stop at two mesons?
can calculate 3-body interactions for maximal isospin pions/kaons

3-body pion interaction is not consistent with zero
3-body kaon interaction is consistent with zero

can study the chemical potential of a gas of pions and kaons
mixed pion-kaon interactions under way

same calculation which gives 1% uncertainty in                 scattering, does 
not provide useful information for proton-proton (baryon-baryon) 
scattering - 30,000 propagator calculations!

we have switched to using anisotropic clover lattices/propagators
this provides a factor of ~100 in statistics for same cpu hours
we have performed a high statistics study 1- 2- and 3- body baryon 
correlation functions

I = 2 ππ


