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1. introduction

introduction

pion vector form factor Fy(¢?)

(T Vaulm (@) = (0" + p)u Fv (),

Fy(q®) =1+ ((r*)v/6) ¢° + O(q")
o well studied by expr't + ChPT = precise estimate of (r*)y,, I (L)
@ a benchmark of LQCD calculation

2 at simulated quark mass m : chiral behavior < ChPT predictions
o at physical m : can reproduce (r?)y ?

pion scalar form factor Fis(¢?)

(r@)ISIn(p)) = Fs(4*),

Fs(¢®) =1+ ((r*)s/6) ¢ + O(q")
o chiral behavior of (r?)s
2 determination of i4

<

lq from Fr
2 x6 NLO chiral log :

—6/(4nF)?In[M2] < (r¥)yv:—1/(4nF)?In[...]
o direct determination in LQCD <« needs disconnected 3-pt. functions
2 only 2 previous studies ignoring disconnected diagram (%_QCD, 2005; BGR, 20
o = =
_ Pion form factors from lattice QCD with exact chiral symmetry
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introduction

this work

JLQCD / TWQCD collaborations, arXiv:0905.2465
calculate pion form factors in Ny =2 lattice QCD

o employ overlap quarks
9 exact chiral symmetry = straightforward comparison w/ ChPT
o use all-to-all quark propagator

o disconnected 3-pt. functions for Fs(q?)
2 improved statistical accuracy F, s(¢?)

outline

o simulation method
o determination of Fi (¢?) and Fs(q%)
o parametrization of ¢*> dependence of Fv,s(q°)

o chiral extrapolation of (r)v-, (r?)s, ...
o = = =
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2.1 simulation m

configuration generation
measurement

set-up

0 N;=2QCD w/ degenerate u and d quarks
O improved gauge action (wasaki, 1982)

¢} overlap quark action (Narayanan-Neuberger, 1995; Neuberger, 1998)

=- exact chiral symmetry on the lattice (Hasenfratz, 1998; Liischer, 1998)
parameters

0 a=0.1184(3)(21) fm <« overlap : no O(a) errors

(input : 70=0.49 fm (Sommer, 1994))
0 16°x32: L~19fm + NLO ChPT finite V correction (FVC)
O 4dmya’s: m>~ms/6—ms/2, M;~290-520 MeV

© 100 independent conf.s at each m (100 x 100 HMC trajectories)

[m]
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configuration generation
measurement

2.2 simulation method :

all-to-all quark propagator

O propagation from any lattice site to any site (TinLat, 2005; ILQCD/TWQCD, 2009)

1 A R RO (k),,(F) <=2 o
b= > ) uuMT = > W T (= Po) > 't
k=1 A k=1 A r=1 N

low-mode contributions < evaluated exactly w/ eigenmodes of D

high mode contributions < noise method (stochastic)

= evaluate disconnect diagrams ; improve statistical accuracy

: cf. conventional method

2 x<> point-to-all prop:
\ a fixed site — any site

T source

<|~

parameters

o || S 17 GeV? (Wl |p| < V3 inunits of 2rr/L)
o periodic boundary condition  (different conditions = re-calculation of D1
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vector form factor
scalar form factor

ratio method

(S. Hashimoto, et al., 2000)
CLoM (At; p)

conn
C
""

TV,

(At,At'; p,p’)

conn
C7r Vym

Zx(Ip]) Z=(|p’ _ _ IyA !
(at, NG P, p/) R 4E7|’((11)E|)(pl7;(;v ) E(p)At e E(p")Aat <7r(p,) [Va| 7 (p))
R (atp) —
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2E(p) '
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vector form factor
scalar form factor

3.1 determination of form fi

statistical fluctuation of Crv/, »

Fy(At, At'; ¢?) at m~ms /4

1.0 T T T T T T
p=(000), p' =(1,00), g=(1,00) m~m/4 | m~mJ/4, |p|=sart(2), |p'|=0, At=7, At =7
X ﬁt=g [ & notaveraged
t=8 1 e averaged
& E g g-om=s=8=0 v At=9 2 4r -
— = a 4
NU‘ = A A A A DA
|32 g A
= o IN IN N
g os : L : 3 b, e AA N MAA AAA af
= = £
S Lp=c100, p =109, 4=200 g M%
¢ E’ ° I’ .A o &L m B,
. O o A o A IS YN |
5 B B $-= AAA NN A PRV
g i N 2% “
A
00 L X L X & ,26 L Ll - % L % ‘1(1)
AY jackknife sample

o statistical accuracy ~ 3—-5%

all-to-all prop =- can take average over source location x

o constant fit to Fyy (At, At'; ¢%)

T source

@ include finite V' correction from one-loop ChPT

(Borasoy-Lewis, 2005; Bunton et al., 2006)
= = DAl
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3.2 determin

vector form factor
scalar form factor
ratio method

conn
C

TS (At’At’; plp')

disc
CTrS l

(At,At'; p,p’)

vev
Crr S

(At,At'; p,p)

<S> (¢2=0)
L]

Rs(At Atl'p p/) C:rng‘lw(At’ At';p,p')
Fs(At, At'; ¢?)
Fs(At, At ¢2)

_ (=@ S| 7(p))
Crn(AL; p) Crr (At p’) VZrd Zrd Zs
Rs(At, At';p,p’)

. / (qr2ef = (p:ef - pref)2)
Rs(At, At'; pref, P,ef)
o normalize at smallest nonzero |qi| (prer=1, Prer=0)
relatively large uncertainty in Fs(At, At’;0)
< VEV subtraction :

sngl 2 __ — (rconn disc
C‘rrS7r(q _0) - C‘rrS7r(0) - (C

s (0)_Cvev

TS (0))
=] = =



vector form factor
scalar form factor

3.2 determination o

Fs(At, At )/ Fs (At At'; gie) Fs(4®)/Fs(qs), Fs®™(4*)/Fs(dzy)
20 T T r T T
p=(000). p' =(000), q=(000) m-m/a ] 14 m~mya .
™ 150 <D> ﬁifg: — [ @ flavorsinglet
=" A =8 1 Z1of O connected ) ]
g v At=9 ] oL # Feynman-Hellmann (g=0) -
?_ﬁ’ 1o ] = 10F % i
. . < B
~ T T T e
nr; 1oL P= (100, P =(100) 9=(200) E ; 08l 3 f . 1
Ei i z; 9 g'ﬂ e E
g w o
5 = M- 0.6 -
w 05F -3 5 % J
B g8 §FT % s : ?
o 5 0 T S E—
or qz

disc

0 statistical accuracy ~ 5—-10% < inclusion of C$%,
constant fit + NLO FVC = Fs(q? # 0)/Fs(¢2¢)

o disconnected diagram =- significant contribution

[m] = = =



vector form factor
scalar form factor

4.1 ¢° dependence

“““““ A e
1'Ufm~msl4

0 m-my2

[ — fit
[ VMD w/ M, (m)

[ — fit
[ VMD w/ M (m)

04 P

L I R S S S Y
02 E 10 05 00

o close to VMD near ¢>=0 = include p meson pole into param. form
o approximate small deviation (higher poles/cuts) by generic polynomial form

1 r?
FA) = Tz +ed + 4@ + e =1+ P oy (P 4

o fits up to (¢*)? and (¢?)® corrections = reasonable x? and consistent results

o employ fit with (¢?)* correction P
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vector form factor
scalar form factor

4.1 ¢* dependence : F;

can be fitted by NNLO ChPT formula (Gasser-MeiRner, 1991; Bijens et al., 1998) ?

60 ;

T:ZT ] @ O(q") contrib. (NNLO) < 3%
50 Tod ] at |¢?| < 0.02GeV?

~ o)
20/ - O(d) + higher |

@ 0(q°) contrib (NNNLO) < 3%
— at |¢?) £ 0.3GeV?

=4
=}

contributions to Fv(q2) -1

®

@ periodic boundary condition
40 ! ! w = |¢%| = 0.3GeV? on our lattice

-15 -1.0 -05 00

o in this work: do not parametrize ¢°> dependence based on ChPT
o twisted boundary condition (8edaque, 2004) can explore ¢* ~0
(RBC/UKQCD — talk by Jiittner; ETM,2008)
= need to re-calculate all-to-all propagator

o M2 <03GeV? = NNLO ChPT fit for M2 dependence of (r?)y.s
[m] = = =
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4.2 ¢* depende

vector form factor
scalar form factor

L5~ m~m/2 15 "‘”;ms"“ T 4
S | 5
Z 10 4 & 10k 4
2 | =
g I
0.5 — 05F -
¢ [GevY q[Gev]
with our statistical accuracy ...
o can be fitted to cubic / quartic forms w/ reasonable x>
2
r
Po(®) = 1+ 8052 e (22 +d(@) +e ()

6

o cubic and quartic fits = consistent results for (r?)s
= ill-determined cs ( = 100 % error) ...

o (r?)s from cubic fit = the following analysis . .

a
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w/ NLO ChPT formulae
w/ NNLO ChPT formulae

5.1 chiral extrapolatio

charge radius (r2)v

scalar radius (r?) s

(rPw =

—(1/NF?)(1+ Nig)
—(1/NF?)In[MZ2 /%]

(rs = (1/NF?)(=13/2 +6NI})

—(6/NF?)In[M2 /7]
(N=(4m)?, p=4nF; use F =79.0(*5%) MeV from Fr (LQCDTWQCD, 2008))
0.5

: —
o N=2ChPT ] 08 + N=2ChPT
% #* expr't(PDG) A
04
£
>
o
V 03
1 ool
n n n n L n n n n L n n n n L n n
%5 01 02 03 %o o1
M, [Gev’]

0.2

M2 [Gev?]

o acceptable x?/dof ~0.3 o unacceptable x*/dof ~9
o (r?)y =0.364(1) fm* at myq

& exprt+ChPT : 0.437(16) fm? & exprt+ChPT : 0.61(4) fm?

(Bijnens et al., 1998) (Colangelo etal., 2001)

- TKaneko

o (r?)s=0.797(15) fm* at m.q
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?
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w/ NLO ChPT formulae
w/ NNLO ChPT formulae

5.1 chiral extrapolation :

o recent calculation of (r?)y, in Ny =2 QCD by ETM (eTm, 2008)
twisted mass quarks, ¢=0.09 fm, L=2.2 fm, twisted boundary

T T
« NF2ChPT
#* expr't (PDG) 1
A ETM (F=86.6(8)MeV) |

{  NLO analysis
1 = (r’)y=0.352(8) fm

L oo b e b e e by L ]
o'%AO 0.1 0.2 0.3 04 05
M7 [Gev’]

= failure of NLO fit : not be due to a#0, FVC, ... (due to Ny =2?)

o ¢* dep. of Fy/(¢°) :  NNLO contribution is not small at |¢?| > (150 MeV)?

= significant NNLO contribution in m, dep. of (r?)y at M, > 150 MeV
(?)
o O(q*) dep. of Fv = cv = NNLOChPT o

=] =
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5.2 chiral extrapo

w/ NLO ChPT formulae
w/ NNLO ChPT formulae

NNLO formulae (Gasser-Meifner, 1991; Bijnens-Colangelo-Talavera, 1998)

1 M?
2 _ ™
(’I‘ )v = —m (1+6Nl5 ) — NF? In |:[L_;:|
1 13N 181 - ) 1 19
— (= - = +6N M = —12N1
N2 ( 192 a8 T T‘“) ~t v e
) _ 1 13 - 6 M2
s = TR T2 *NE) - g e
1 23N 869 , . - -
NEr <_ﬁ + 1og T 88NU2 + 80N +5Nls — 24N 1517 + 6N 1
1 323 ” ” , . | M2 65 »
+ g (_E +124N17, +130sz) M2 in = |~ s M
1 1 1 N o820 N, N, oo,
= - - 4 (L _ ot i ,
v 60NF2 M2 | N2F® \720 25020 ' 3 2 6 © V.2
1 1 N N M? 1 M?
+—(—+—lr +—lr) In | —Z| + —
N2F4 \(108 3 27 6 °° u?
i, = li-1)/2

[m]

=

2
———n
72N2F* 2

M2
2 7r
;2) M In [F:|

M2

™

Mm2?
M2 | =2
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w/ NLO ChPT formulae
w/ NNLO ChPT formulae

5.2 chiral extrapolation :

an exercise

(r?)v,s at NNLO w/ phenomenological estimates of LECs

o F = F;/1.067 from Colangelo-Diirr, 2004

o O(p*) couplings 17 from Bijnens et al., 1998, or Colangelo et al., 2001

I =16.0, I, =439, [;=-036, I»=431 1I3=439

o O(p°) couplings r’ ; from Bijnens etal., 1998

(<= resonance saturation)
TV,1 = 2.5 x 10_4, TV,2 = 2.6 X 10_4,

rg = —3.0 x 1073

e
L — total |
06f T lod
04 [ —- NNLO
o T 04l ]
£ 02 £ r
> 0
& oo o2k —
v T~ simulated region Voo T
02 The—l N L —— o
T~ [ simulated region T~~3
- L M| | L - |
040 01 02 ~703 00 01 oz 03
2
M, 2 [Gev7] M2 [Gev?]

NNLO contribution may modify M2 dependence significcl:antl%

= = A



w/ NLO ChPT formulae
w/ NNLO ChPT formulae

5.2 chiral extrapolatio

simultaneous fit to (r?)y and ¢y

(only) 4 parameters for 8 data ; g, l1o, rvi1, Tv2  ([,=1—15/2)

T
o N=2ChPT
E — totdl
NLO
] — NNLO
o Nz2ChPT o 1
* exprt(PDG) 1
— total E
NLO
- NNLO
n L L | L L L L | ! I I i 1 T t It
02 03 %o 01 , o2 03
2
M,/ [Gev) M,2[Gev]

@ describe our data w/ x?/dof =0.7
o consistent with expr't (with larger errors than NLO analysis...)
(r’)v = 0.411(26) fm*, ¢y = 3.26(21)GeV*

& cy[GeVT*]=3.85(60) (Binensetal., 1998); 4.0(5) (Guo etal., 2008);
3.5-4.0 (Ananthanarayan-Ramaman, 2008)

@ w/o phenomenological inputs o S =) <=
_ Pion form factors from lattice QCD with exact chiral symmetry



w/ NLO ChPT formulae
w/ NNLO ChPT formulae

5.2 chiral extrapolation :

simultaneous fit to (r?)y, (r?)s and cy

o inclusion of (r?)s = additional parameters : I3, IT (or I5), 15, r%

o fix I = 4.31(11) (Colangeloetal., 2001), I3 = 3.38(56) (JLQCDITWQCD, 2008)
o free parameters : [; (<> I} from Fr) and (poorly known) g

o 6 fit parameters for 12 data : lg, ls, l{ 2, 7V1, V2 75

o N=2chPT 4
* expr't (PDG)
— total 7
NLO
— NNLO
00
R R LTy |
045 0.1 0.2 03 %o 0.1 ) 0.2 03
2
M, [Gev?] M, [Gev’]

o results for vector channel : (rz)v, cv, g, 112, TV, V2
inclusionof rg = does not change significantly

DA



w/ NLO ChPT formulae
w/ NNLO ChPT formulae

—
o8 o N=2cher ]

i o N 1 0 \?/dof=1.3
L NLO 4
0,6j --- NNLO ]

9 ry,s, cv

9 reasonable accuracy
9 consistent w/ expr't

systematic uncertainties

o chiral extrap. : repeat whole analysis w/o data at largest m
o input for I3, I3 : shifted by their uncertainty
O input to fix scale : test 7o =0.47 fm (miLc, 2004)

o discretization error : O((aA)?) ~ 3%
[m] = = =
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5.2 chiral extrapolatio

w/ NLO ChPT formulae
w/ NNLO ChPT formulae

(r*)v = 0.409(23)(37) fm?, (r*)s = 0.617(79)(66) fm*, ¢y = 3.22(17)(36) GeV*
@ consistent w/ experiment w/ 10— 15 % accuracy
0 largest uncertainties : i) input to fix scale (ro), ii) chiral fit

le = 11.9(0.7)(1.0)

< lg =16.0(0.9) (Binensetal.,1998; Fy, 5), 15.22(39) (Gonz'alez-Alonso et al., 2008; T)
I = 4.09(50)(52)

S = 4.12(56) (ILQCD/TWQCD, 2008; Fr), ls = 4.39(22) (Colangelo et al., 2001)
li—lr = —2.9(0.9)(1.3) ¢ I—Iy = —4.67(60) (Colangeloetal., 2001)

O largest uncertainty : chiral fit
@ consistent w/ lattice / phenomenological estimates
exceptls < F=T79MeV slightly smaller than phenomenology

O(p®) couplings at y=4nF
71 = —1.0(1.0)(2.5) x107°, i, = 4.00(17)(64) x 105°, ng = 1.74(36)(78) x 10.%



summary

6. summary

pion form factors in Ny =2 lattice QCD

O exact chiral symmetry
2 direct comparison w/ (continuum) ChPT
o all-to-all propagators
2 accurate determination of Fy, s(g?)
@ (the 1st) calculation of F(g?) w/ disconnected diagrams
o ¢ dependence
2 O(g®) contribution is not small at |¢?| > (550 MeV)?
2 generic polynomial form (and pole contribution for Fy-(¢?))
o chiral fit
2 O(p?) ChPT fails to reproduce (r?)g at 300 < M [MeV] < 500
o chiral fit based on O(p*) ChPT = (r?)y. 5, cv w/ 10—15% accuracy
o future directions
o extension to Ny =3: on-going
o better control of ¢2 interpolation : twisted boundary condition; dispersive

bound; model indep. information of scalar resonance(s%}_lat simulated m
o = =
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