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Outline

1) Chiral structure of amplitude

mu,md expansion: LO, NLO, NNLO (new )

2) Phenomenology

ms expansion (updated)
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Chiral structure of the decay amplitude:

Definition

Tπ0
→γ(k1)γ(k2)

= e2ǫ(e1, k1, e2, k2)T

1) LO (p4) [Chiral Lagrangian with anomaly:

Wess-Zumino (1971),Witten (1983)

Simplified SU(2): Kaiser (2001) ]

TLO =
1

4π2F

>> F = limmu=md=0 Fπ

>> Exact in chiral limit (LE theorem)
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2) NLO (p6)

>> One-loop diagrams [Donoghue,Holstein,Lin (1985)

Bijnens,Bramon,Cornet (1988) ]

>> Tree diagrams [Bijnens,Girlanda,Talavera (2002)

Eberthauser,Fearing,Scherer (2002)]

SU(2) : 13 terms ( cW
i )

SU(3) : 23 terms ( CW
i )

Little is known about these
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NLO Result

TLO: F −→ Fπ

TNLO =
16

3F

{

m2
π

(

−4cWr
3 − 4cWr

7 + cWr
11

)

+
4

3
B(md −mu)

(

5cWr
3 + cWr

7 + 2cWr
8

)

}

Remarks

>> md −mu contribution (e2 must be checked)

>> No chiral logs: ( cW
i combinations finite)

questions: are there any at NNLO ?

are they large ?
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3) NNLO (p8)

>> One-loop diagrams [ with one NLO vertex ]

(a)
c
W
i

wz

li

(b) (c)

c
W
11

>> Two-loop diagrams [ with LO vertices ]

>> Tree diagrams [ vertices from L(4), L(6), also LWZ
(8) ]
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Result:

F TNNLO = − m4
π

24π2F 4

( 1

16π2
Lπ

)

2

+
m4

π

16π2F 4
Lπ

[ 3

256π4
+

32F 2

3

(

2cWr
2 + 4cWr

3 + 2cWr
6 + 4cWr

7 − cWr
11

)

]

+
32m2

πB(md −mu)

48π2F 2
Lπ

[

− 6cWr
2 − 11cWr

3 + 6cWr
4 − 12cWr

5 − cWr
7 − 2cWr

8

]

+
m4

π

F 4
λ+ +

m2
πB(md −mu)

F 4
λ− +

B2(md −mu)2

F 4
λ−− ,

Remarks:
– Non-local divergences

Lπ

d− 4
cancel (renormalizability)

– Chiral logs are present
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Anatomy of of m2
u,d coefficients

λ+ = 1
512π6

(

−983
288 − 4

3ζ(3) + 3
√

3Cl2(
π
3)

)

← 2-loops graphs

+ 1
π2

(

−8cr
6 − 1

4(l
r
4)

2
)

← From L(6), L(4), LWZ
(6)

+16F 2

3π2

[

8lr3(c
Wr
3 + cWr

7 ) + lr4(−4cWr
3 − 4cWr

7 + cWr
11 )

]

− 2
3π2 dWr

+ (µ) ← From LWZ
(8)

>> Phenomenology: 8 LEC’s cWr
i , need estimates !
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Phenomenology

Perform SU(3) expansion instead of SU(2)

[only two LEC’s involved at NLO ]

Starting from SU(2) expression:
use ms expansion of SU(2) LEC’s

>> Elegant method (matching of generating functionals)
Gasser,Haefeli,Ivanov,Schmid Phys. Lett. B652 (2007)
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Matching one-loop functionals in WZ sector:
first two-terms in ms expansion

cWr
2 = c0 +CWr

4 − 1
2C

Wr
5 + 3

2C
Wr
6 +O(ms)

cWr
3 = −3

2 c0 +CWr
7 + 3CWr

8 +O(ms)

cWr
4 = −1

2 c0 +CWr
9 + 3CWr

10 +O(ms)

cWr
5 = CWr

11 + 1
8

1
(32π2)2

(LK + 1 + 2
3Lη) +O(ms)

cWr
6 = − c0 +CWr

5 − 3
2C

Wr
6 − 1

2C
Wr
14 − 1

2C
Wr
15 +O(ms)

cWr
7 = 3

2 c0 −3CWr
8 + 1

4C
Wr
22 +O(ms)

cWr
8 = 3

4 c0 +1
2C

Wr
7 + 3CWr

8 − 1
8C

Wr
22 +O(ms)

cWr
11 = CWr

22

with c0 =
1

32π2

[

− 1

16Bms

+
2

F 2
0

(

3Lr
7 + Lr

8 −
1

512π2
(LK +

2

3
Lη)

)]

Note:
1

ms

terms: π0 − η mixing
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Still too many couplings

>> Introduce counting rule:
mu,md ∼ O(p2) [ as usual ]
ms ∼ O(p) [since mu,d << ms]

>> Keep terms of order:

p, p2, p3 log(p), p4 log2(p)
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Then result simplifies

FπT
SU(3)
NLO+ =

1

16π2

md −mu

ms

[

1− 3m2
π

32π2F 2
π

Lπ

]

+
128

3
B(md −mu)

[

CW
7 + 3CW

8

(

1− 3m2
π

16π2F 2
π

Lπ

)

− 3

64π2F 2
π

(

3Lr
7 + Lr

8 − 1
512π2(LK + 2

3Lη)
)

]

− 64

3
m2

πCW
7 −

1

24π2

( m2
π

16π2F 2
π

Lπ

)2

Remarks
– Same result as SU(3) NLO + log’s

– Only two LEC’s: CW
7 , CW

8
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Two inputs

1) Resonance saturation model

(used qualitatively. Note: CW
7 , CW

8 scale independent)

CW
7 ≃

gπ(1300)γγdm

M2
π(1300)

CW
8 ≃

gη′γγd̃m

M2
η′

and
Γπ(1300)→2γ < 0.07 keV (Belle (2006))
Γη′

→2γ = 4.30± 0.15 keV

}

⇒ |CW
7 | < 0.1|CW

8 | (Plausible ! )
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2) η → 2γ

Amplitude SU(3) NLO:

T
η→γγ
NLO =

1√
3Fπ

[

Fπ

4π2Fη

[1 +
√

3(−ǫ1 + e2(δη − δ1))]

− 64

3
m2

πCW
7 +

512

3
(m2

K −m2
π)

(1

6
CW

7 + CW
8

)

]

+ O(m2
s)

⇒ CW
7 ,CW

8 determined

Phenomenology (6)



Input updates

Fπ = 92.22± 0.07 MeV In pure QCD.
Updated Vud and improved
radiative corrections from
χPT(chiral log in Marciano

Sirlin (1993) constant)
2ms

mu + md

= 28.0± 1.5 From lattice QCD

md −mu

ms

= (2.29± 0.23)10−3 From η → 3π and χPTp6

Bijnens, Ghorbani (2007) and p4

Γη→2γ = 0.510± 0.026 keV Updated in PDG since 2004
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Numerical contributions

Orders Width( eV)
p0 7.76 (see Fπ ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
p 0.09

p2 0.29 enhanced : CW
8 (large Nc ?)

e2 −0.05 Ananthanarayan, BM (2002)

(π+ − π0 mass diff. in loops)
p3 log(p) 0.004

p4 log2(p) −0.005 No log enhancement !
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Finally

Γπ→γγ(eV)= 8.09 ±0.08 ±0.10

md −mu m2
s

>> Alternative approaches (Chiral + large Nc)

Goity,Bernstein,Holstein (2002) Γπ→γγ = 8.10± 0.08

Kaiser (2002) Γπ→γγ = 8.07

Ioffe, Oganessian (2007) Γπ→γγ = 7.93± 0.12

[η′ incorrect ? ]

>> Experiment: morning talk by A. Bernstein !
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Conclusions

Chiral logs present but numerically small

Possible lattice QCD results in anomaly sector ?
Cohen,Lin,Dudek,Edwards,arXiv:0810.5550

More could be investigated in anomaly sector
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